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$|\Vert UXV|\Vert=|\Vert X|\Vert,$ $X\in M_{n}$
$L_{1}$ $|\Vert$ . $|\Vert$ $M_{\mathfrak{n}}$
$A,$ $B$ $\alpha\in[0,1]$ $A$ $B$ Kubo-Ando
$\alpha$- $A\#\alpha B$ $A$
$A\#\alpha B=At$ $(A^{-}\# BA^{-:)^{\alpha}A^{\iota}}\iota$
[7] $\alpha=_{l}^{1}$ $A\# B=A\#;B$ $A$
$B$ $A\# B=\sqrt{AB}$
Golden-Thompson $H$ $K$
Tr $e^{H+K}\leq$ Tr $e^{H}e^{K}$





$|\Vert e^{H+K}|\Vert\leq|\Vert e^{H}e^{K}|\Vert$ (1)
Hiai-Petz[6] $Li\triangleright hotter$ $\alpha$-
$\lim(\epsilon^{p^{ff}}\#\alpha e^{pK})^{1}p=e^{(1-\alpha)H+\alpha K}$ (2)
$p\downarrow 0$
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Golden-Thompson
$\alpha\in[0,1]$
$R(e^{pH}\#\alpha e^{pK})^{\frac{1}{p}}\leq R\epsilon^{(1-\alpha)H+\alpha K}$ (3)
$P>0$ (3)
Ando-Hiai [2]
$|\Vert(e^{p^{ff}}\#\alpha e^{pK})^{1}|\Vert\leq|\Vert e^{(1-\alpha)H+\alpha K}|\Vert$ (4)
$p>0$ $P\downarrow 0$
$p=1,$ $\alpha=\frac{1}{2}$
$|\Vert e^{2H}\#\epsilon^{2K}|\Vert\leq|\Vert e^{H+K}|\Vert$ (5)
(1) $|\Vert e^{H+K}|\Vert$
[4] (5)
$1 \leq\frac{|\Vert e^{H+K}|\Vert}{|\Vert e^{2H}\# e^{2K}|\Vert}$
1 $[1, \infty$)










$A$ $B$ $A\prec(log)B$ $|\Vert A|\Vert\leq|\Vert B|\Vert$
Ando-Hiai
$(A^{p}\#\alpha B^{p})^{\frac{1}{p}}\prec(l$ $g)(A^{q}\#\alpha B^{q})^{\frac{1}{q}}$ , $0<q\leq p$
$0<q\leq p$









$S(h)$ $h= \frac{M}{m}$ Turing[13]
condition number Specht ratio $S(h)$
$h$




Lemma 1. $A,$ $B$ $0<mI\leq A,$ $B\leq MI$ $m,$ $M$
$0<m\leq M$ $h= \frac{M}{m}$ $\alpha\in[0,1]$ $0<q\leq p$





$\leq S(h)^{\iota z}r(A\#\alpha B)p$
$A$ $B$ $A^{p}$ $B^{p}$
$A^{q}\#\alpha B^{q}\leq S(h^{p})^{I}’(A^{p}\#\alpha B^{p})^{I}p$
$q\geq 1$ L\"owner-Heinz
$(A^{q}\#\alpha B^{q})^{\frac{1}{q}}\leq S(h^{p})^{\frac{1}{}}(A^{p}\#\alpha B^{p})^{\frac{1}{p}}$ (8)
$0<q<1$ $1\leq k\leq n$
$\lambda_{k}(A^{q}\#\alpha B^{q})^{\frac{1}{q}}=ae\epsilon \mathcal{F},||x||=1\max(X(A^{q}\#\alpha B^{q})x)^{\frac{1}{q}}$
$\leq$ n x $(S(h^{p})^{1}(x, (A^{p}\#\alpha B^{p})^{I}px)^{A}$
x\epsilon F,| | $=1$




$(A^{q}\#\alpha B^{q})^{1}r\leq S(h^{p})^{1}U(A^{p}\#\alpha B^{p})^{1}U^{*}$.
Theorem 2. $H$ $K$ $mI\leq H,K\leq MI$
$m,$ $M$ $m\leq M$





Remark 3. (1) Yamazaki-Yanagida [14] $\lim_{p\downarrow 0}S(h^{p})^{\frac{1}{p}}=1$
Lie-hotter \alpha -
(2) 2 $[m, M]$ $H$
$K$
1 $\leq\frac{|\Vert\epsilon^{H+K}|\Vert}{|\Vert\epsilon^{2H}\# e^{2K}|\Vert}\leq S(\epsilon^{2(M-m)})$
$\alpha=0$ $\alpha=1$ $e^{(1-\alpha)H+\alpha K}$ $(\epsilon^{pH}\#\alpha e^{pK})^{\frac{1}{}}$
$e^{H}$ $e^{K}$ path AndxHia\ddagger
1: $e^{H}$ $e^{K}$ 2 path













$\exp$($\log$ A $x,x$) $\leq(Ax,x)$
Specht ratio $A$ $0<$
$mI\leq A\leq MI$
$(A^{\iota}x,x)^{1} \leq K(h^{r}, \frac{s}{r})^{11}(A^{r}x, x)$,
$K(h,p)$
$K(h,p)= \frac{h^{p}-h}{(p-1)(h-1)}(\frac{p-1}{p}\frac{h^{p}-1}{W-h})^{p}$ $p\in \mathbb{R}$.




Lemma 4. $A,B$ $0<mI\leq A,B\leq MI$ $h= \frac{M}{m}$ $\alpha\in[0,1]$
$0<q\leq 1$
$|\Vert(A^{q}\#\alpha B^{q})^{\frac{1}{q}}|\Vert\leq K(h,p)^{-\mathfrak{g}}pK(h^{\Phi},\alpha)^{-1}p|\Vert(A^{p}\#\alpha B^{p})^{\frac{1}{p}}|\Vert$ for $0<q\leq p\leq 1,$ $(9)$
$|\Vert(A^{q}\#\alpha B^{q})^{1}q|\Vert\leq K(h^{2p},\alpha)^{-\frac{1}{p}}|\Vert(A^{p}\#\alpha B^{p})^{\frac{1}{p}}|\Vert$ for $p\geq 1$ (10)
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Proof. $0<q\leq p\leq 1$ $\Vert x\Vert=1$
$(x, (A^{q}\#\alpha B^{q})x)^{\frac{1}{q}}$
$\leq(x,Bx)^{g}\Vert A^{8}x\Vert^{\frac{2}{q}-\frac{2\alpha}{q}}$ by $0<\alpha<1,0<q<1$
$\leq(K(h,p)^{-1}(x,B^{p}x))^{g}\Vert A8_{X}\Vert^{\frac{2}{q}}$
” $\frac{2\alpha}{q}$ by $0<p<1$
$\leq K(h,p)^{-\frac{\alpha}{p}}K(h^{2p},\alpha)’(x,A^{p}\#\alpha B^{p}x)p\Vert A^{f_{X}}\Vert^{g_{-2}}p’\Vert A^{\S}x\Vert^{l-\ }qq$
$\leq K(h,p)^{-g}K(h^{2p},\alpha)^{-11}’(x,A^{p}\#\alpha B^{p}x)p$ by $0<q\leq p$
$0<q\leq p$
$\Vert A^{\xi}x\Vert^{k}l^{\underline{-2}}\Vert Af_{X}\Vert qL-2\alpha\leq(A^{p}x,x)^{\frac{\alpha-1}{p}(A^{q_{XX}},)^{\frac{1-\alpha}{q}}}$
$=(A^{p}x,x)^{\frac{\alpha-1}{p}}(A^{P^{1}}x,x)^{\frac{1-\alpha}{q}}$
!. $\cdot$ $\leq(A^{p}x,x)^{\frac{\alpha-1}{}}(A^{p}x, x)^{\frac{1-a}{}}=1$
$\lambda_{k}(A^{q}\mathfrak{p}_{\alpha}B^{q})^{\frac{1}{q}}\leq K(h,p)^{-\frac{\alpha}{p}}K(h, \alpha)’\lambda_{k}(A^{p}\#\alpha B^{p})^{1}$
$0<q\leq P\leq 1$ $P\geq 1$
H\"older-McCarthy $(x, Bx)^{p}\leq(x, B^{p}x)$ $K(h,p)^{-1}$
Theorem 5. $H$ $K$ $mI\leq H,K\leq MI$
$m,$ $M$ $m\leq M$
$|\Vert e^{(1-\alpha)H+\alpha K}|\Vert\leq K(\epsilon u_{-m}-\alpha 1$
$|||\epsilon^{(1-\alpha)H+\alpha K}|\Vert\leq K(e^{2p(M-m)},\alpha)^{-\frac{1}{p}}|\Vert(e^{pH}\#\alpha e^{pK})^{1}p|\Vert$ for $p\geq 1$
$p=1,$ $\alpha=\frac{1}{2}$
$| \Vert e^{H+K}|\Vert\leq\frac{\epsilon^{2M}+e^{2m}}{2e^{M}\epsilon^{m}}|\Vert e^{2H}\# e^{2K}|\Vert$




Remark 6. $\alpha=\frac{1}{2}$ $p>0$ Specht (7)
$K(h^{2p}, \frac{1}{2})^{-\frac{1}{p}}=(\frac{h8+h^{-\S}}{2})^{\frac{1}{p}}\leq(S(h^{p})^{\sqrt{h\# h^{-g}2})^{\frac{1}{p}}=S(h^{p})^{\frac{1}{p}}}$.
$P\geq 1$
$| \Vert\epsilon^{H+K}|\Vert\leq K(e^{4p(M-m)}, \frac{1}{2})^{-\frac{1}{p}}|\Vert(e^{*H}\#\epsilon^{2pK})^{1}’|\Vert\leq S(\epsilon^{2p(M-m)})^{1}’|\Vert(\epsilon^{*H}\#\epsilon^{2pK})^{l}|\Vert$
$p=1$
$| \Vert\epsilon^{H+K}|\Vert\leq\frac{e^{2M}+e^{2m}}{2e^{M}\epsilon^{m}}|\Vert\epsilon^{2H}\#\epsilon^{2K}|\Vert\leq S(e^{2(M-m)}|\Vert e^{2H}\# e^{2K}|\Vert$
$0<p\leq 1$ $h=2,$ $\alpha=_{5}^{1}$ $S(2^{p})^{1}$’
$K(2,p)^{-\#_{p}}K(2^{2p1}f)^{-\frac{1}{p}}$
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